This paper studies subband characteristics of the backscattered ultrasonic echo. The back scattered ultrasonic echo from tissues is described in terms of Rayleigh distribution or K-distribution. Subband decomposition of ultrasonic echo en velope is modelled by a generalized Gaussian distribution (GGD). In regions of resolvable details, the subband statistics fits into the heavy-tail of the distribution while the tails decay at a faster rate in homogeneous regions. It is shown that the GGD model and its parameters are versatile in modelling the subband statistics of the backscattered envelope from tissues. Thus the GGD may provide a feasible model as a prior distribution to facilitate development of speckle reduction algorithms using subband decomposition.
Introduction
Ultrasound imaging is a powerful diagnostic tool in medicine. It is preferred over other medical imaging modalities heeause it is non-invasive, portable, versatile and low cost. However, ultrasonic images are degraded by a kind of noise known as speckle caused by the backscattered interference from unresolved tissue inhomogeneity. The effects of speckle mask the presence of low contrast lesions and hence reduce the ability of human observer to discriminate fine details in diagnostic exa mination.
Many methods have been proposed for speckle reduction [1]- [5] .
Recently, there have been considerably interests in using discrete wavelet transform to reduce speckle [6] - [ lO] . Several authors applied logarithmic transform on the envelope to separate the speckle from the observed image [I ]-[4], [6] , [7] , [9] .
GGD has been used for modelling subband ultrasound echo. In [I4J, noiseless natural images are described by GGD for estimating the clean image from that corrupted by additive white Gaussian noise. Similar approach is used by [9] to speckle reduction in ultrasound imaging, where noisy wavelet coefficient is assumed to be a sum of the corresponding noiseless ultrasound signal, modelled by GGD, and white Gaussian noise. 
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Statistical Modelling for Ultrasonic
Backscattering
Ultrasound imaging involves integration of pulse echo signals reflected from a scattering medium located within a resolution cell. These scatterers are randomly located and they backscatter a random amount of energy, so the net signal has a statistical nature. These statistics vary with the underlying structure of the isonitied medium.
A basic backscattered echo expression is [11] : 
The envelope R ofthe backscattered echo is given by:
By virtue of the central limit theorem, 1 and Q are zero mean, identically distributed, Gaussian random variables and are given by:
n �l
In this case, the envelope R is Rayleigh distributed with the probability density function (PDF): When the scaHcrer density is small or when the etlective scatterer density is reduced due to correlation in scatterers, the PDF deviates from the Rayleigh distribution. A generalized version of the Rayleigh density function, the K-distribution, can be used to modc\ the statistics of the echo envelope:
where u is a parameter of the K-distribution that characterizes the scatterer density, K"O is the modified Bessel function of the second kind of order p , y(/) � Re{ e", ( ta.e-'" + �a"-' �)} (7) where [; can take the values of 0, 1. 2, .. . depending on the spacing value such as A./2, A./4, Y8, and M is the total number of regularJy spaced scatterers in the range cell.
It follows that the 1 and Q components are given by:
where the randomness in the variation of am is very much lesser th an that of an'
In the case of A./2-spaced distribution, although both I
and Q are Gaussian random variables, I has a nonzero mean. The envelope R has a Rician distribution with density function given by:
where Ro is the mean value of the inphase component 1 
The multi resolution analysis with J levels of the envelope signal r(t) of finite energy is the projection of r(t) [16] .
Basis functions and 1/1"1,1 (I) = rjl, 1/1" (2-j t-k) are a result from translations and dilations of ¢(t) and v Ct) which are called scale function and mother wavelet, respectively. They are specified to satisfy f¢(t)dt:;:; I and fljf(t)dt:;:; 0 and the following two scale equations: 
We then find
The multiresolution analysis of r(t) can be carried out through the filter bank as follows:
Conversely, the signal reconstruction is achieved by carrying out the following recursion:
where { h k } hZ and Lg k } k<oZ defi ne the synthesis filters. The algorithm described is known as discrete wavelet transfonn (DWT), In order to maintain invariance under translation, the subsampling operation is dropped and the filters are dilated by inserting 2 i -1 zeros between the coefficients of the lowpass and highpass filters for each level j . This is to reduce the bandwidth by a factor of two from one level to the next. Such an algorithm is called the "algorithme a traus" [17] or the stationary wavelet transform as given in the following:
Characteristics of GG D (14)
The GGD has been used in many subband or wave1et based image processing applications. Following from [14, 15] , the distribution is given as:
where w is the wavelet coefficient and fJ is the shape parameter. The distribution is zero-mean and symmetric. Let K be the kurtosis which is the fourth moment divided by squared of the variance and 0'", be the standard deviation, the parameters a and fJ of GGD 644 are directly related to the second moment and fourth moments of GGD as follows [14] :
The distribution is Laplacian with fJ of 1.0 and it becomes Gaussian when fJ is 2.0. This implies that random variables following GGD with small fJ are highly impulsive which is an evident of the presence of resolvable structures in the underlying envelope image. Figure I Because simulation results showed that synthetic envelopes did not sufficiently describe the granular panem of speckle, we also used the simulated ultrasound envelope images in our studies. The simulation of the ultrasound image shown in Figure 2(b) is described below.
Test ultrasound envelop images: (a) synthetic image; (b) simulated image.
4.1
Simulation of Ultrasound Image
Let y(x,t) represents the 2-D ultrasonic echo data set, where x and t denote the latcral coordinate and propagation of the ultrasound in the axial direction, respectively. It is assumed that the imaging system has a linear, spatially invariant point spread function. We model the structures within tissue that are responsible for backscattered ultrasound field by point-scatterers and allowing the population of scatterers of the imaging region to be represented by a scanering function, sex, t) , the ultrasound echo is governed by; y(x, t) = hex, t) * sex, t) (17) where h(x,/) is the ultrasonic system impulse response and" *" denotes linear convolution operator.
We assume that h(x,/) is separable [5] , i.e., h(x,t)::::; h(x)p(t) where hex) is the spatial response for the transmitting and receiving aperture determined by: 
where fa is the center frequency (3.5MHz) and B is the bandwidth (0.8MHz). In the simulation, the ultrasonic system impulse response is normalized Wilh respect to the total energy such that L h2 (t, j) = l' The function 
Simulation Results
We ultrasound test envelopes were examined at three different regions. The boundary was considered as the heterogeneous region while the background and the cylindrical disc located at the center were the homogeneous regions. The results for envelopes without logarithmic operation clearly show a decrease in value of the parameter fJ at the boundary for most of the subbands.
As an example for the simulated Rayleigh distribution (i.e., row one to three), p of subband LH decreased from 1045 to 0.91 scanning from the background region to the boundary and increased to lAO at cylindrical disc. Figure 3 shows the histogram of the wavelet coefficients for the simulated ultrasound envelope with fully formed speckle. This characteristic was also observed consistently throughout the subbands for the synthetic envelopes.
As shown in (16), P is inversely related to kurtosis which is a measure of the relative flatness or peakedness of a distribution about its mean. The peaking in the distribution is the result of the spatial structure in the envelope image. Resolvable structures in the highpass and bandpass sub bands have significantly non-Gaussian PDF [14] that are sharply peaked at zero with broad tails. However, this characteristic is submerged when the ultrasound envelopes undergoing a pre-processing logarithmic compression before subband decomposition. This is the reason we believe that coring operation in the subband for log-compressed envelope image did not utilize the additional information provided by the higher order statistic. Instead, the common approach to accomplish noise reduction is via exploring the spatial structure and variation in variance of the subband coefficients.
The synthetic envelope image was widely used to evaluate the performance of their speckle reduction If the homogeneous regions are interpreted as regions solely polluted by speckle, the assumption of speckle being white Gaussian noise in the subbands adopted by [91 may be supported by the synthetic test envelope but not the simulated ultrasound envelope. Therefore, it is shown that the simulated envelope better models the actual backscattered echo envelope signal and speckle reduction algorithms should be evaluated under simulated and real ultrasound envelope images.
Conclusion
Removal of noise from envelope images relies on differences in the statistical properties of noise and signal.
In this paper, we present our studies of the subband characteristics of the ultrasound envelope images.
Computer simulation results show that generalized Gaussian distribution can provide good modelling of the heavy-tailed nature of the wavelet data. The shape parameter fJ of GGD, which is inversely related to kurtosis, reflects resolvable structures of the underlying ultrasound image. Together with wavelet data variance, a , and exploitation of spatial correlation, they can serve as a tool for speckle reduction.
